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Abstract
We investigate whether inclusion of dimension six terms in the Standard Model la-
grangean may cause the unification of the coupling constants at a scale comprised be-
tween 1014 and 1017 GeV. Particular choice of the dimension 6 couplings is motivated by
the spectral action. Given the theoretical and phenomenological constraints, as well as
recent data on the Higgs mass, we find that the unification is indeed possible, with a lower
unification scale slightly favoured.
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1 Introduction
The coupling constants of the three gauge interactions run with energy [1]. The ones relating to
the nonabelian symmetries are relatively strong at low energy, but decrease, while the abelian
interaction increases. At an energy comprised between 1013 − 1017 GeV their values are very
similar, around 0.52, but, in view of present data, and in absence of new physics, they fail to
meet at a single scale. Here by absence of new physics we mean extra terms in the Lagrangian
of the model. The extra terms may be due for example to the presence of new particles, or
new interaction. A possibility could be supersymmetric models which can alter the running
and cause the presence of the unification point [2].
The standard model of particle interaction coupled with gravity may be explained to some
extent as a particular for of Noncommutative, or spectral geometry, see for example [3] for a
recent introduction. The principles of noncommutative geometry are rigid enough to restrict
gauge groups and their fermionic representations, as well as to produce a lot of relations between
bosonic couplings when applied on (almost) commutative spaces. All these restrictions and
relations are surprisingly well compatible with the Standard Model, except that the Higgs field
comes out too heavy, and that the unification point of gauge couplings is not exactly found.
We have nothing new to say about the first problem, which has been solved in [4–8] with the
introduction of a new scalar field σ suitably coupled to the Higgs field, but we shall address
the second one.
Some years ago the data were compatible with the presence of a single unification point Λ.
This was one of the motivations behind the building of grand unified theories. Such a feature
is however desirable even without the presence of a larger gauge symmetry group which breaks
to the standard model with the usual mechanisms. In particular, the approach to field theory,
based on noncommutative geometry and spectral physics [10], needs a scale to regularize the
theory. In this respect, the finite mode regularization [11–13] is ideally suited. In this case Λ
is also the field theory cutoff. In fact using this regularization it is possible to generate the
bosonic action starting form the fermionic one [14–16], or describe induced gravity on an equal
footing with the anomaly-induced effective action [17]
The aim of this paper is to investigate whether the presence of higher dimensional terms
in the standard model action − dimension six in particular − may cause the unification of the
coupling constants. The paper may be read in two contexts: as an application of the spectral
action, or independently on it, from a purely phenomenologically point of view.
From the spectral point of view, the spectral action [10] is solved as a heath kernel expansion
in powers in the inverse of an energy scale. The terms up to dimension four reproduce the
standard model qualitatively, but the theory is valid at a scale in which the couplings are equal.
The expansion gives, however, also higher dimensional terms, suppressed by the power of the
scale, and depending on the details of the cutoff. This fixes relations among the coefficients of
the new terms. The analysis of this paper gives the conditions under which the spectral action
can predict the unification of the three gauge coupling constants.
On the other side, it is also possible to read the paper at a purely phenomenological level,
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using the spectral action as input only for the choice of the subset of all possible higher di-
mensions terms in the action, and as a guide for the setting of the low energy values for the
couplings of the coefficients of the extra terms. We show that the presence of these terms
enables the possibility of a unification.
In both cases the scale of unification Λ is considered the cutoff, and we run the theory below
it. We assume, therefore, that perturbation theory is valid. There appears a hierarchy problem.
From the point of view of the spectral action this implies a rather strange (though admissible)
cutoff function. From a phenomenological point of view this entails either unnaturally large
dimensionless quantities, or the presence of a new intermediate scale, Γ. The latter option is,
of course, more desirable and we will discuss it below.
The paper is organized as follows: in section 2, we present the action of Standard Model (SM)
of particle physics, and the standard running coupling constants. We show how the spectral
action approach − whose principles are summarized in the appendix A − fits the SM. In
section 3 we give the new renormalization group equations at one loop, due to the dimensions-6
operators; then, we show how these new operators affect the SM phenomenology. In section 4 we
run the renormalization group equations to study the new coupling constants behavior, checking
the possibility to improve the gauge unification point. A final section contains conclusions and
some comments and open questions.
2 Standard Model Running Coupling Constans
The standard model action (including right handed neutrinos) is:
LSM = −1
4
V AµνV
Aµν − 1
4
W IµνW
Iµν − 1
4
BµνB
µν + (DµH)
†DµH − m
2
2
H†H − λ (H†H)2 +
− (eFLH†l + dFDH†q + uFUHc†q + h.c.)+ Majorana mass terms (2.1)
where Bµν , W
I
µν and V
A
µν are respectively the field strengths associated with the gauge groups
U(1), SU(2) and SU(3); the gauge covariant derivative is Dµ = ∂µ + ig3T
AAAµ + ig2t
IW Iµ +
ig1yBµ, where T
A are the SU(3) generators, tI = τ I/2 are the SU(2) generators, and y is the
U(1) hypercharge generator. H is the Higgs field, a SU(2) scalar doublet with hypercharge
1/2 and its charged conjugated field defined as Hc ≡ iτ2H∗. The three families of fermions are
grouped together so that FL, FU , FD are the 3 × 3 complex Yukawa matrices acting on the
hidden flavor index of every fermion field. Since these matrices are dominated by the Yukawa
coupling yt of the top quark, in the following we will consider this parameter only. Likewise we
will consider a single mass term for the Majorana masses: yν .
This Lagrangian can be obtained from first principles using the spectral action [18, 19],
which is a regularized trace, with Λ appearing as the cutoff. We give the details of the spectral
action calculations in the appendix. For the economy of this paper the relevant part is the fact
that the spectral action requires the coupling constants of the three gauge groups to be equal
at a scale Λ, which is also the cutoff of the theory. There is no need for a unified gauge group at
the scale Λ, which in fact may signify a phase transition to a pre geometric phase [20], although
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larger symmetries are also possible [5, 7]. As explained in the appendix, the spectral action is
an expansion in inverse powers of Λ2, and it enables the presence of a set of new dimension
six operators. Dimension five operators, which violate lepton number, and do not change the
properties of the Higgs boson are not present in the expansion. The spectral action also gives
relations among the coefficients of the required dimension six operators, which are described
in detail in the appendix A. The reader interested only in the phenomenological aspect of this
paper may skip the appendix, and accept our choice of operator as a convenient one.
A complete classification of the dimension-six operators in the standard model is given
in [21]. There it is shown that there are 59 independent operators, preserving baryon number,
after eliminating redundant operators using the equations of motion. Here we consider only the
following dimension-six operators, mixing the gauge field strength and the Higgs field. They
are the ones coming from the spectral action expansion:
L(6) = CHBHH BµνBµν + CHWHH WµνWµν + CHVHH VµνVµν +
+CWWµνW
ναWµα + CV VµνV
ναVµα + CH
(
HH
)3
(2.2)
The coefficients C have the dimension of an inverse energy square. The spectral action fixes
their value at the cutoff Λ. To these terms we have to add a coupling between the Higgs, the W
and the B which is absent in the spectral action at scale Λ, but is dynamically created. With
the couplings considered here no other term is induced.
The SM running coupling constants at one loop, associated to (2.1), are ruled by the fol-
lowing equations, where we defined the dot derivations as 16pi2µ d
dµ
:
g˙i =
(
big
3
i
)
with
(
b1, b2, b3 =
41
6
,−19
6
,−7
)
λ˙ =
(
24λ2 − (3g21 + 9g22)λ+ 38 (g41 + 2g21g22 + 3g42)+ (12y2t + 4y2ν)λ− 6y4t − 2y4ν
)
y˙t =
(
9
2
y2t + y
2
ν −
17
12
g21 −
9
4
g22 − 8g23
)
y˙ν =
(
5
2
y2ν + 3y
2
t −
3
4
g21 −
9
4
g22
)
(2.3)
For the purposes of this paper one loop is sufficient, the running up to three loops can be found
in [22–25] and references therein. In the present case, one separately solves the equations for
the gauge coupling constants and the other couplings; for the former, the boundary conditions
are given at the electro-weak scale by the experimental values [1],
g1(mZ) = 0.358, g2(mZ) = 0.651, g3(mZ) = 1.221 (2.4)
while for the other coupling constants λ, yt and yν the boundary conditions are taken at the
cut-off scale Λ that is the scale at which the spectral action lives. These boundary conditions
use the parameters of the fermions that are the inputs in the Dirac operator (A.2), as shown
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in the appendix A,
λ(Λ) =
4 (ρ2 + 3)
(ρ+ 3)2
g2
yt(Λ) =
√
4
ρ2 + 3
g
yν(Λ) =
√
4ρ2
ρ2 + 3
g (2.5)
ρ is a free parameter such that yν(Λ) = ρ yt(Λ) and g ≡ g3(Λ) = g2(Λ) = 53g1(Λ). Since the
coupling constants gi do not meet exactly, forming a triangle, one takes for Λ a range of values
beetwen the extremal points of the triangle. The results, for a particular set of values of the
parameters (g, ρ,Λ) = (0.530, 1.25, 1016GeV ), are plotted in Fig. 1.
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Figure 1: The standard model running for the gauge coupling constant (left) and the Yukawa
coupling (right) in the spectral action approach for (g, ρ,Λ) = (0.530, 1.25, 1016GeV ). The red
dot indicates the starting value of the parameters (Log10(
Λ
GeV
), g) and (Log10(
Λ
GeV
), λ(Λ)).
After running these couplings from unification energy Λ to low energy MZ , we compare the
values of yt(MZ) and λ(MZ) with their experimental values
yexpt (MZ) = 0.997, λ
exp(MZ) = 0.130 (2.6)
In Fig. 1 we can see the good agreement between yt(MZ) predicted by the spectral action
and its experimental value. Very different is the case for the Higgs self-coupling λ, Fig. 2,
whose predicted value, in the spectral action approach, is around 0.240 with a resulting Higgs
mass MH =
√
2λv2 ' 170 GeV. On the other hand, the experimental value for the Higgs
mass ('125 GeV) leads to the instability problem for the self-interaction parameter λ, which
becomes negative at a scale of the order of 108GeV ; two loop calculations make the situation
slightly worse as one can see on the left side of Fig. 2.
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Figure 2: On the left, the standard model running for the coupling constant λ starting from
λ(mZ) = 0.130 corresponding to MH = 125GeV . The dashed and solid lines represent the one
and two loop respectively. On the right, the λ behaviour starting from the red point of the
spectral action and culminating in the prediction λ(mZ) = 0.240.
A negative λ means an instability and renders the model inconsistent, although it may just
mean the presence of a long lived metastable state [26, 27]. The spectral action model can be
fixed [4–8] with the introduction of a scalar field, σ, possibly coming from a larger symmetry,
connected with the fluctuations of a Majorana neutrino mass term in the action. Since the
running of the Higgs parameters do not affect strongly the running of the coupling constants
(which are the true aim of this paper), nor does this field σ, we will not consider it in what
follows. However, a more complete and accurate analysis will necessitate also this element, and
it is in progress. Also the presence of gravitational couplings in the spectral action could alter
significativly the running at high energy leading to an asymptotically free theory at the Planck
scale [9].
3 Coupling Constants RGEs
In this section we give the new renormalization group equations (RGEs) at one loop due to
the dimensions-6 operators in the Lagrangian (2.2). Although the choice of the dimension six
operators and some of characteristics of the Lagrangian are coming from the spectral action,
this section can be read independently of it.
The full one-loop contributions to the SM running for dimension six operators have been
calculated in [28–31]. The modifications to the standard model RGEs are given by the following
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new terms to be added to the rhs of (2.3):
δg˙3 = −4m2Hg3CHV
δg˙2 = −4m2Hg2CHW
δg˙1 = −4m2Hg1CHB
δλ˙ = m2H
(
9g22CHW + 3g
2
1CHB + 12CH + 3g1g2CHWB
)
δy˙t,ν = 0 (3.1)
and the RGEs for the dim-6 coupling constants are given by
C˙HB = CHB
(
12λ+ 2
(
3y2t + y
2
ν
)
+
85
6
g21 −
9
2
g22
)
+ 3CHWBg1g2
C˙HW = CHW
(
12λ+ 2
(
3y2t + y
2
ν
)− 47
6
g21 −
5
2
g22
)
+ CHWBg1g2 − 15CWg32
C˙HV = CHV
(
12λ+ 2
(
3y2t + y
2
ν
)− 3
2
g21 −
9
2
g22 − 14g23
)
C˙HWB = CHWB
(
4λ+ 2
(
3y2t + y
2
ν
)
+
19
3
g21 +
4
3
g22
)
+ 2g1g2 (CHB + CHW ) + 3CWg1g
2
2
C˙W =
29
2
CWg
2
2
C˙V = 15CV g
2
3
C˙H = CH
(
108λ+ 6
(
3y2t + y
2
ν
)− 9
2
g21 −
27
2
g22
)
− 3CBg21
(
g21 + g
2
2 − 4λ
)
+
+ 3CWg
2
2
(
12λ− 3g22 − g21
)
+ CHWB
(
12λg1g2 − 3g31g2 − 3g1g32
)
(3.2)
Although the spectral action does not contain explicitly the term CHWBH
2WµνB
µν , due to
the unimodular condition, the coupling constant CHWB is however induced by the running of
CHB, CHW and CW .
In the framework of the spectral action these equations are solved with boundary conditions
at the cut-off scale Λ given by the coefficients appearing in (A.42):
CHB(Λ) = − f6
16pi2Λ2
4 (3ρ2 + 17)
9 (ρ2 + 3)
g4 , CHW (Λ) = − f6
16pi2Λ2
4
3
g4 , CHV (Λ) = − f6
16pi2Λ2
16
3 (ρ2 + 3)
g4 ,
CH(Λ) = − f6
16pi2Λ2
512(ρ6 + 3)
3 (ρ2 + 3)3
g6 , CW (Λ) = − f6
16pi2Λ2
26
15
g3 , CV (Λ) = − f6
16pi2Λ2
26
15
g3 .
(3.3)
The coupling CHWB is set to zero at the cut-off scale CHWB(Λ) = 0 since it does not appear in
the spectral action.
In (3.3) g ≡ g3(Λ) = g2(Λ) = 53g1(Λ) is the value of the gauge coupling constants at the
cut-off scale which, therefore, is identified with the unification scale. These two constants, g
and Λ, together with the ratio ρ and the parameter f6 appearing in the spectral action, will be
the four free parameters of this model.
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There are also constraints at low energy to satisfy. The values of the gi’s are known at the
scale of the top mass with very high precision, and the parameters λ and the yt are related
to the Higgs and top mass. As we said earlier, the spectral action requires a positive value
of λ at the cutoff scale Λ, (2.5), and without the field σ, it predicts a mass of the Higgs at
170 GeV. However, the presence of higher-order operators in the action alters the form of the
usual coupling constants, leading to a new phenomenology which we outline in the following
section.
3.1 New phenomenology
In this section, following [31, sect.5] we give the main modifications to the SM phenomenology
due to the dim-6 Lagrangian, i.e. the new form of the observables measured at the electroweak
scale. The new operators, in fact, alter the definition of the SM parameters at tree level in
several ways.
First of all, we focus on the effects of the dimension-six Lagrangian on the Higgs mass mH
and the self-coupling λ. The dim-6 operator CHH¯H changes the shape of the scalar doublet
potential at order CHv
2 to
V (H) = −m
2
2
H†H + λ
(
H†H
)2 − CH (H†H)3 (3.4)
generating the new minimum〈
H†H
〉
=
1
3CH
(
λ−
√
λ2 − 3CHλv2
)
' v
2
2
(
1 +
3CHv
2
4λ
)
≡ v
2
T
2
(3.5)
in the second line we have expanded the exact solution to first order in CH . Therefore the shift
in the vacuum expectation value is proportional to CHv
2, which is of order f6
v2
Λ2
. On expanding
the potential (3.4) around the minimum and neglecting kinetics corrections,
H =
1√
2
(
0
h+ vT
)
, (3.6)
we find for the Higgs boson mass
m2H = 2λv
2
T
(
1− 3CHv
2
2λ
)
(3.7)
At the same time the gauge fields and the gauge couplings are also affected by the dim-6
couplings.
In the broken theory the X2H2 operators (with X being any field strength) contribute to
the gauge kinetic energies, through the Lagrangian terms
(LSM + L6)kin = −
1
4
BµνB
µν − 1
4
GµνG
µν − 1
4
W 3µνW
µν
3 −
1
2
W+µνW
µν
− + (3.8)
+
1
2
v2T
(
CHBBµνB
µν + CHWWµνW
µν + CHGGµνG
µν − CHWBW 3µνBµν
)
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while for the mass terms of the gauge bosons, arising from (DµH)
†(DµH), we have
(LSM + L6)mass =
1
4
g22v
2
TW
+
µνW
µν
− +
1
8
v2T
(
g2W
3
µ − g1Bµ
)2
+
1
16
v4TCHD
(
g2W
3
µ − g1Bµ
)2
(3.9)
The gauge fields have to be redefined, so that the kinetic terms are properly normalized and
diagonal,
Gµ = Gµ
(
1 + CHGv
2
T
)
, Wµ =Wµ
(
1 + CHWv
2
T
)
, Bµ = Bµ
(
1 + CHBv
2
T
)
, (3.10)
so that the modified coupling constants become
g¯3 = g3
(
1 + CHGv
2
T
)
, g¯2 = g2
(
1 + CHWv
2
T
)
, g¯1 = g1
(
1 + CHBv
2
T
)
, (3.11)
and the products g1Bµ = g¯1Bµ etc. are unchanged. Therefore, the electroweak Lagrangian is
L = −1
4
BµνBµν − 1
4
W3µνWµν3 −
1
2
W+µνWµν− −
1
2
(
v2TCHWB
)W3µνBµν
+
1
4
g¯22v
2
TW+µνWµν− +
1
8
v2T
(
g¯2W3µ − g¯1Bµ
)2
+
1
16
v4TCHD
(
g¯2W3µ − g¯1Bµ
)2
. (3.12)
The mass eigenstate basis is given by, [31, eq.5.21],[ W3µ
Bµ
]
=
[
1 −1
2
v2TCHWB
−1
2
v2TCHWB 1
] [
cosθ¯ sinθ¯
-sinθ¯ cosθ¯
] [ Z3µ
Aµ
]
, (3.13)
with θ¯, rotation angle, given by
tanθ¯ =
g¯1
g¯2
+
v2T
2
CHWB
[
1− g¯
2
1
g¯22
]
. (3.14)
The photon remains massless and the W and Z masses are
M2W =
g¯22v
2
T
4
,
M2Z =
(g¯21 + g¯
2
2)v
2
T
4
+
1
8
v4TCHD
(
g¯21 + g¯
2
2
)
+
1
2
v4T g¯1g¯2CHWB (3.15)
The covariant derivative has the form
Dµ = ∂µ + i
g¯2√
2
[W+µ T+ +W−µ T−]+ igZ [T3 − sinθ¯2Q]Zµ + ie¯QAµ, (3.16)
where Q = T3 + Y and the effective couplings become,
e¯ =
g¯1g¯2√
g¯21 + g¯
2
2
[
1− g¯1g¯2
g¯21 + g¯
2
2
v2TCHWB
]
= g¯2sinθ¯ − 1
2
cosθ¯g¯2v
2
TCHWB ,
g¯Z =
√
g¯21 + g¯
2
2 +
g¯1g¯2√
g¯21 + g¯
2
2
v2TCHWB =
e¯
sinθ¯cosθ¯
[
1 +
g¯21 + g¯
2
2
2g¯1g¯2
v2TCHWB
]
,
sinθ¯2 =
g¯21
g¯21 + g¯
2
2
+
g¯1g¯2 (g¯
2
2 − g¯21)
g¯21 + g¯
2
2
v2TCHWB . (3.17)
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Considering (3.17) and (3.15), the experimental values for the W and Z masses and couplings
fix g¯1,g¯2,vT , CHWB and CHD. This procedure consists of solving 5 equations in 5 variables: the
unique solution of this system is given by the classical values for g¯1,g¯2 and vT , i.e.
g¯1 = 0.358, g¯2 = 0.651, vT = 246GeV (3.18)
while the dim-6 parameters CHWB and CHD have to give negligble corrections to the standard
results. This means the products v2TCHWB and v
2
TCHD have to be, at least, of the order 10
−3,
i.e. CHWB,D . 10−7GeV −2.
4 Running of the constants
In the following section we run the renormalization group equations, presented in sect. 3, to
study the modification of the coupling constants behavior, due to the dim-6 operators. We
check the possibility, for these new terms, to give a gauge unification point and to return values
for the coupling constants compatible with the spectral action predictions.
4.1 Renormalization group flow
One can run the equations of the renormalization group in two directions. A “bottom-up”
running assumes boundary values for the various constants at low energy (usually the Z or
top mass) and runs toward higher energies. This is the way Fig. 1 has been obtained. On the
contrary the spectral action is defined at the high energy scale Λ, and its strength lies in the
fact that it specifies the boundary conditions of all constants there. Therefore a “top-down”
approach is more natural. In this paper we follow a combined approach.
We start at the scale Λ in the range 1013−17 GeV. At this energy we give the boundary values
given by the spectral action. In particular we use for the dimension six terms the values we have
calculated and presented in (3.3). The top-down running depends on four other parameters
(described below) and gives a set of values for all of physical parameters at low energy. The
parameters we find are not too distinct from the experimentally known ones, but there are
discrepancies. As it should be: the heat kernel expansion is akin to a one loop calculation and,
apart form any other incomplete aspect of the theory, it would be unreasonable to find the
correct values for all parameters. The values one finds are however close to the experimental
ones for the three gi and yt, while as remarked earlier λ, which is the parameter appearing in
the Higgs mass, is off by nearly a factor two. The top-down running gives a set of values of the
dimension six couplings Ci at MZ .
We then performed a bottom-up running to see if the presence of the new terms could give
a unification point, and we found that in several cases it does. As boundary conditions we
used the experimental values for the gi’s and yt and the low energy values of the Ci’s obtained
in the top-down running. The case of λ deserves a little discussion. Since the experimental
and spectral action values are quite different, the qualitative behaviour in the two cases are
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different. On the other side, it is known that the problem is fixed by the presence of another
field (σ), which we do not discuss in this paper. We have therefore performed our analysis in
the two cases, i.e. the value of λ obtained by the spectral action, and the experimental one.
The strategy we followed is synthesized in Table 1.
Λ scale
RGEs−→ MZ scale MZ scale RGEs−→ Λscale
In:{eq.(3.3)} In:{Ci(MZ), gexpi }
Out:{Ci(MZ)} Out:{Ci(Λ), gi(Λ)}︸ ︷︷ ︸ ︸ ︷︷ ︸
top-down running bottom-up running
 (4.1)
Table 1: Resolution scheme adopted for the renormalization group flow. Varying Λ, g, ρ and f6 we
solve the RGEs, starting from the unification scale Λ down to the MZ scale, and we use the resulting
values for the dim-6 parameters together with the experimental values for the usual dim-4 couplings
gexpi , λ
exp, yexptop to run again toward high energies.
The second case, in which we used the experimental values as initial conditions, can be
considered on a purely phenomenological basis, to show that higher dimension operators may
cause unifications of the constants at one loop.
4.2 Top-Down running
In the spectral action model we have four free parameters: the value of the gauge coupling
constants at the unification, g. The value of the cut-off and unification scale, Λ. The ratio
between top and neutrino Yukawa couplings, ρ. The momentum f6 which will fix the new
physics scale Γ. This last parameter appears as coefficient to the dimension six operators with
the combination f6/Λ
2, and therefore effectively defines a new energy scale.
All parameters have a particular range in which we expect they could be chosen. From the
SM running of the gauge coupling constants we know g is expected around 0.55 ± 0.03, while
Λ has a more significant range between 1013 GeV and 1017 GeV. The ratio ρ between the top
and neutrino Yukawa couplings should be expected of O(1). The value of the parameter f6
requires a separate discussion. From the internal logic of the spectral action its “natural” value
would be of order unity, or not much larger. Such a value would however make the corrections
to the running totally irrelevant. The parameter appears with a denominator in Λ2, and the
corrections are often quadratic in this ratio. On the other side, from the phenomenology of
electroweak processes it can be expected the effects of these new physics terms on the measured
signal strength for H → γγ decay, whose measured value is given by ATLAS and CMS [32,33].
To obtain comparable data the new physics scale has to be fixed around Γ ∼ 1− 10 TeV. This
leads to expected values for the dim-6 coefficients Ci around 10
−6−10−8GeV−2 . The range for
f6 will be ∼ Λ2/Γ2, i.e. 1020−28. Given the fact that the cutoff function is undetermined in the
scheme, such numbers are allowed, although a more physical explanation of their size would be
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preferable. The spectral action, given by an expansion valid below the unification scale, gives
a framework to use a perturbative expansion valid beyond the scale of new physics, although it
does not explain it. From the spectral point of view this is a weak point, the presence of such a
high value for f6 is very strange and creates an unnatural hierarchy with the other coefficients.
Since the point of the calculation was to verify the possibility of unification, the top-down
calculation has been performed with the aim of obtaining values which would be a good starting
point for the bottom up calculation. We did search for the best solutions for the range of
parameters above. We performed first a coarse search to restrict the range, and then optimized
the input parameters to find a good unification point. For the scope of this paper, i.e. to show
that dimension six operators could give unification, this is sufficient.
The boundary conditions at MZ for the subsequent bottom-up run approach are the exper-
imental values for the gi and yt, and the values obtained from the top-down for the Ci’s. In the
case of λ we have the two choices: either the values obtained from the top down, or the one
from experiment. Since these two are different, in the following we present both cases.
4.2.1 Spectral action value for λ
In the following table we describe the values of the free parameters we used which will enable
the best unification.
Table 2 shows, for various values of Λ, the parameters used for the top-down running, and
the value of the couplings at low energy, shown as ratio with respect to the experimental value,
corrected as described in the previous section: γi =
gi(MZ)
g¯expi
and γt =
yt(MZ)
yexpt
. The values for λ
are not shown since, for the reasons described above, they are not significant.
Λ GeV g(Λ) ρ(Λ) f6
16pi2Λ2
Gev−2 γ1 γ2 γ3 γt
1014 0.580 1.6 4.8 10−6 1.0 1.0 1.0 1.0
1015 0.570 1.9 7.3 10−6 0.98 1.0 1.0 1.0
1016 0.550 1.9 6.9 10−6 0.95 0.99 1.0 1.0
1017 0.540 2.0 8.3 10−6 0.93 0.97 1.1 1.0
Table 2: The values of the coupling constants at MZ compared with the experimental values
for the top-down running. The values of the free parameters are optimized for the subsequent
bottom-up run.
Note that the choice of parameters has been made to optimize the subsequent bottom-up
running. The amount of variations with respect to the experimental values for the couplings
could be made smaller with a different choice of g, f6 and ρ. This top-down running gives values
for the Ci’s, which are shown in Table 3.
One can see that with the choice of parameters, mainly f6, the Ci’s are in the range expected
by a new physics scale of the order of 1 TeV.
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Λ CHWB CW CV CHV CH CHB CHW
1014 1.1 10−7 −5.8 10−7 −2.7 10−7 −1.1 10−6 3.8 10−8 −1.7 10−7 −7.5 10−7
1015 1.4 10−7 −8.1 10−7 −3.3 10−7 −1.4 10−6 5.6 10−8 −2.1 10−7 −9.9 10−7
1016 1.2 10−7 −6.7 10−7 −2.6 10−7 −1.3 10−6 4.2 10−8 −1.7 10−7 −8.2 10−7
1017 1.3 10−7 −7.4 10−7 −2.5 10−7 −1.4 10−6 4.6 10−8 −1.7 10−7 −8.8 10−7
Table 3: The values of the coefficients of the dimension six operators at MZ . The values of
the free parameters are the ones in Table 2. All Ci’s are in GeV
−2.
4.2.2 Experimental value for λ
The values described above are made with parameters which are natural in the framework
of the spectral action, but from the phenomenological point of view, since we now have the
mass of the Higgs, and therefore the value of λ(MZ), we can also perform the analysis using
as boundary condition the experimental value. As in the previous subsection the parameters
are chosen in such a way to optimize the subsequent bottom-up run. Tables 4 and 5 are the
counterparts of 2 and 3 for the case optimized for unification using as input the experimental
value of λ at MZ . Of course some principle like the spectral action must be operating in the
background, to make sense of the fact that we are running the theory above the scale Γ all the
way to the unification point.
Λ GeV g(Λ) ρ(Λ) f6
16pi2Λ2
Gev−2 γ1 γ2 γ3 γt
1014 0.580 1.1 1.1 10−5 0.98 0.95 0.80 1.0
1015 0.560 0.7 8.3 10−6 0.98 0.96 0.85 1.1
1016 0.550 1.0 9.6 10−6 0.98 0.96 0.89 1.1
1017 0.540 0.9 8.3 10−6 0.99 0.98 0.95 1.2
Table 4: The values of the coupling constants at MZ compared with the experimental values
for the top-down running. The values of the free parameters are optimized for the subsequent
bottom-up run. The initial value of λ(MZ) is the experimental one.
One can see that with respect to the previous case the values of the γ’s are slightly worse,
showing that in this case the result of the top-down running spectral action “predictions” are
off. This is not surprising because for the subsequent running (for which these values are
optimized) the connections with the spectral action are weaker. One can notice that the values
for the couplings in the two cases are not drastically different.
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Λ CHWB CW CV CHV CH CHB CHW
1014 2.3 10−7 −1.4 10−6 −7.3 10−7 −2.9 10−6 9.4 10−8 −4.4 10−7 −1.6 10−6
1015 1.5 10−7 −9.0 10−7 −4.5 10−7 −2.4 10−6 6.1 10−8 −5.7 10−8 −1.3 10−6
1016 1.6 10−7 −9.3 10−7 −4.0 10−7 −2.6 10−6 6.1 10−8 3.7 10−7 −1.1 10−6
1017 1.3 10−7 −7.3 10−7 −2.6 10−7 −3.1 10−6 4.9 10−8 8.6 10−7 −8.6 10−7
Table 5: The values of the coefficients of the dimension six operators at MZ . The values of the
free parameters are the ones in Table 2. All Ci’s are in GeV
−2.
4.3 Bottom-up running
In this section we present the result of the running from low to high energy, with the parameters
chosen to have the three coupling constants meet near a common value in the range 1014 −
1017 GeV. As in the previous subsection we first discuss the case in which the boundary condition
for λ is the one obtained from the running of the spectral action.
4.3.1 Spectral action value for λ
A good solution is one for which the common intersection is the starting point for the top-down
running, and the Ci come back to the original values given by the spectral action. We optimized
our search for the unification, therefore the fact that the values of the Ci “come back” to the
same order within a factor of two or so, and are not off by an order a magnitude, is a check.
The coefficient CHWB is not present at the Λ scale in the spectral action, in this case one
should expect it to be smaller than the other. A further check is the value of the top Yukawa
at Λ which should be close to the value determined by the spectral action. The results for the
coupling constants are in Table 6. The quantities δgi(%) indicate (in percent) how different is
the value of the runned constants (gruni ) with respect to the original spectral action value g(Λ)
we started with, as shown in Table 2.
δgi% =
|gruni (Λ− g(Λ)|
g(Λ)
× 100 (4.2)
with an analogous definition for δyt.
Λ δg1% δg2% δg3% δyt% δλ%
1014 1.4 2.1 0.17 0.30 4.1
1015 3.3 0.02 0.54 3.6 4.7
1016 7.8 0.078 0.97 6.4 2.3
1017 13 1.7 1.1 6.6 3.9
Table 6: The percent variation of the values of the three coupling constants and the top Yukawa
coupling compared with the initial values of the top-down run.
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One can see that for the smaller values of Λ ' 1014−1015, one finds a good unification point,
while for higher values the unification is worse. This can also be seen in Figs. 3 and 4 for the
two extreme cases of 1014 and 1017 respectively, compared with the standard model running.
In the first case there is a good unification, while in the second case the point at which the
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Figure 3: Running of the self-interaction parameter λ(on the rigth) and gauge coupling con-
stants (on the left) in the presence of dimension six operators (thick lines) and their standard
behaviour (dashed lines) for Λ = 1014GeV. The values of the parameters are discussed in the
text. The red dot indicates the starting value of the parameter. The dashed lines are the values
of the gi’s in the standard model.
constants meet is some way off the initial energy. The values of the Ci’s at the scale Λ are
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Figure 4: Same as in Fig. 3 for Λ = 1017GeV.
usually close to the one we started with in the top-down running, checking the consistency of
the model. In particular CHWB, which was zero, is constantly about one order of magnitude
smaller than the other. We show this in Table 7 for the two extreme values of Λ. Also in this
case, the lower value for Λ fares slightly better.
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Λ = 1014 CHWB CW CV CHV CH CHB CHW
Spec. Act. 0 −3.0 10−6 −3.0 10−6 −5.2 10−7 −3.7 10−6 −8.1 10−7 −7.3 10−7
Run 1.3 10−8 −1.5 10−6 −1.6 10−6 −5.5 10−7 −6.8 10−6 −6.7 10−7 −9.2 10−7
Λ = 1017 CHWB CW CV CHV CH CHB CHW
Spec. Act. 0 −4.2 10−6 −4.2 10−6 −5.4 10−7 6.9 10−6 −1.0 10−6 −9.4 10−7
Run 5.0 10−8 −2.4 10−6 −1.9 10−6 −6.5 10−7 7.5 10−6 −8.7 10−7 −7.2 10−7
Table 7: Comparison of the values of the coefficients of the dimension six operators at Λ. The
second and fifth line are the initial values of the top-down running, as predicted by the spectral
action for Λ = 1014. The third and the last lines refer to the 1017 case. All Ci’s are in GeV
−2.
4.3.2 Experimental value for λ
If one ignores the spectral action, and trusts it only in that it gives some boundary values
for the dimension six operator coefficients, then the bottom-up running can be performed
independently. In this subsection we present, therefore, the running of the coupling constants
using as boundary conditions at MZ the experimental values for the gi, yt, λ, (eq.2.4, 2.6), and
the values of Table 5 for Ci’s and we check if the unification is possible. As we can see from
Fig. 5,
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Figure 5: Gauge couplings unification for two different unification scale Λ = 1014GeV (left) and
Λ = 1017GeV (right) if one relaxes the spectral action boundaries.
for two different unification scales, the answer is positive if one relaxes the values of the
dim-6 coefficients with respect to that suggested by the spectral action. In fact, in this case,
the value of the γ’s are slightly different from 1, as shown in table 4, but these allow to correct
the unification point within an error of 1%, as summarized in Table 8.
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Λ(GeV ) δg1% δg2% δg3%
1014 0.62 0.74 1.0
1015 1.4 0.38 0.56
1016 1.2 0.50 0.50
1017 0.14 0.98 1.1
Table 8: The percent variation of the values of the there coupling constants compared with the
initial value of the unification point.
5 Conclusions and Outlook
In this paper we have calculated the sixth order terms appearing in the spectral action La-
grangian. We have then verified that the presence of these terms, with a proper choice of
the free parameters, could cause the unification of the three constants at a high energy scale.
Although the motivation for this investigation lies in the spectral noncommutative geometry
approach to the standard model, the result can be read independently on it, showing that if
the current Lagrangian describes an effective theory valid below the unification point, then the
dimension six operator would play the proper role of facilitating the unification. In order for
the new terms to have an effect it is however necessary to introduce a scale of the order of
the TeV, which for the spectral action results in a very large second momentum of the cutoff
function.
We note that we did not require a modification of the standard model spectral triple,
although such a modification, and in particular the presence of the scale field σ, could actually
improve the analysis. From the spectral action point of view the next challenge is to include the
ideas currently come form the extensions of the standard model currently being investigated.
From the purely phenomenological side instead a further analysis of the effects of the dimension
six operators for phenomenaology at large, using the parameters suggested by this paper, can
be a useful pointer to new physics.
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A Spectral geometry
Noncommutative geometry is a way to describe noncommutative as well as commutative space
on equal footing. Being quite general, this approach happens to be sufficiently rigid to make
predictions about the standard model. Noncommutative geometry uses many tools of spectral
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geometry.
Generally, the geometry of a noncommutative space is defined through a Spectral Triple
(A,H, D) consisting of an algebra A, a Hilbert space H and a Dirac operator D.
The algebra A should be thought of as a generalization of the algebra of functions to the
case when the underlying space is possibly noncommutative. The noncommutative algebra A
relevant for the standard model is the product of the ordinary algebra of functions on R4 times a
finite dimensional matrix algebra Asm = C⊕H⊕M3(C). Here H is the algebra of quaternions,
M3(C) is the algebra of complex 3 × 3 matrices. Asm may be interpreted as an algebra of
functions on a finite ”internal” space. Since just the internal part Asm is noncommutative, the
geometry corresponding to Standard Model is called almost commutative. The gauge group is
the group of automorphisms of Asm.
The algebra A acts on the Hilbert space H. We take H = L2(sp(R4))⊗HF being a tensor
product of the space of square-integrable spinors and a finite-dimensional space HF . The
algebra Asm acts on HF , and this imposes severe restrictions on possible representations of the
gauge group. Remarkably, these restrictions are satisfied by the Standard Model fermions. To
incorporate all of these fermions one takes HF = HR ⊕HL ⊕HcR ⊕HcL⊕, being HR = C24 (8
fermions with 3 generations) the space of the right fermion, HL = C24 the space of the left
fermions and the super index c denotes their respectives antifermions. This give us the total of
the 96 SM degrees of freedom.
The Dirac operator D also has to satisfy some consistency requirements, that all are re-
spected in the Standard Model. These conditions
[γ, a] = 0, [a, JbJ−1] = 0, [[D, a], JbJ−1] = 0 (A.1)
include the chirality operator γ and the real structure J . Specifically, for the Standard Model
the Dirac operator has the form
D = DM ⊗ 196 + γ5 ⊗DF , (A.2)
where DM = γ
µ(∂µ + ωµ) is the canonical Dirac operator and the chirality and real structure
are γ = γ5 ⊗ γF , J = J ⊗ JF , with J being the charge conjugation. The finite dimensional
Dirac operator DF is a matrix including the Yukawa couplings of leptons, Dirac and Majorana
neutrinos. To introduce he gauge fields and the Higgs we replace D by
DA = D + A+ JAJ−1, (A.3)
where A =
∑
a[D, b], with a, b ∈ A. In contrast to the usual Standard Model, the Noncommu-
tative Standard Model includes a singlet scalar field σ. Roughly speaking, this field is a result
of ”fluctuating” Majorana mass term of the Dirac operator and is responsible for adjusting
the Higgs’ mass of noncommutative spectral action to the experimental values. Some other
approaches to the Higgs mass problem in spectral action can be found in [4, 5, 7].
Following Chamseddine and Connes tensorial notation∗ [19], an element ΨM of the Hilbert
∗Not to be confused with the notation used in [5], where the meaning of dotted and undotted indices is
different.
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space H is denoted as
ΨM =
(
ψαI
ψα′I′
)
. (A.4)
First, the primed indices denote the conjugate spinor, this is ψα′I′ = ψ
c
αI . The index α acts
on C ⊕ H and is decomposed as α = a˙, a where a˙ = 1˙, 2˙ acts on C and a = 1, 2 acts on H.
The index I acts on C⊕M3(C) and is decomposed as I = 1, i : the index 1 acts on C, that is
another copy of the algebra of complex numbers, and i acts on M3(C).
Next, let us consider the action principle. One cannot construct too many invariants by
using the spectral triple data. One obvious choice is the ordinary fermionic action
SF = 〈ψ,DAψ〉 . (A.5)
As well, one can use the operator trace Tr in H to construct invariants from the Dirac operator
alone. In this way one obtains the Spectral action
SΛ (D) = Tr
[
f
(
D2
Λ2
)]
, (A.6)
where f is a function restricted only by the requirement that trace in (A.6) exists. f is usually
called the cutoff function since it has to regularize (A.6) at large eigenvalues of D. Λ is a cutoff
scale.
One can use the heat kernel expansion†
Tr
[
e−tD
2
]
'
∞∑
p=0
t−2+pa2p
(
D2
)
, t→ +0, (A.7)
to find a large Λ expansion of the Spectral Action. Suppose that f is a Laplace transform,
f(z) =
∫ ∞
0
dt e−tzf˜(t) . (A.8)
Then
SΛ (D) ∼
∑
p=0
Λ4−2pf2pa2p
(
D2
)
, (A.9)
where
f2p =
∫ ∞
0
dt t−2+pf˜ (t) . (A.10)
Note, that we have restricted ourselves to four dimensions where the first four terms of the
asymptotic expansion are
SΛ (D) ∼ Λ4f0a0
(
D2
)
+ Λ2f2a2
(
D2
)
+ f4a4
(
D2
)
+
1
Λ2
f6a6
(
D2
)
+ . . . (A.11)
†See [34,35] for a detailed overview of the heat trace asymptotics.
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D2 is an operator of Laplace type. It can be represented as
D2 = −(∇2 + E) , (A.12)
where ∇ is a covariant derivative, ∇µ = ∂µ + ωµ, E is a zeroth order term. Denoting by tr the
usual matrix trace one may write
a0 =
1
16pi2
∫
d4x
√
gtr (1) ,
a2 =
1
16pi2
1
6
∫
d4x
√
gtr [6E +R · 1] ,
a4 =
1
16pi2
1
360
∫
d4x
√
gtr
[(
12R;µµ +5R
2 − 2RµνRµν + 2Rµν%σRµν%σ
) · 1] (A.13)
+
1
16pi2
1
360
∫
d4x
√
gtr
[
60E;µµ +60ER + 180E
2 + 30ΩµνΩ
µν
]
. (A.14)
Here Rµνρσ, Rµν and R are the Riemann tensor, the Ricci tensor and the curvature scalar,
respectively. The semicolon denotes covariant derivatives, and Ωµν = ∂µων − ∂νωµ + [ωµ, ων ].
The expression for a6 is rather long (see [35]), but it simplifies if one considers a flat-space
time
aflat6 =
1
16pi2
∫
d4x (ΣΩ + ΣE + ΣEΩ) , (A.15)
where
ΣΩ = tr
[
− 1
90
Ωµν;τΩ
µν;τ +
1
180
Ωµν;νΩ
;ρ
µρ −
1
30
ΩµνΩ
ντΩ µτ
]
, (A.16)
ΣEΩ = tr
[
1
12
EΩµνΩ
µν
]
, (A.17)
ΣE = tr
[
− 1
12
E;µE;µ +
1
6
E3
]
, (A.18)
Using the notation introduced in (A.4), the matrix elements of the connection ωµ are given
by
(ωµ)
1˙1
1˙1 = 0,
(ωµ)
2˙1
2˙1 = ig1Bµ ⊗ 14 ⊗ 13,
(ωµ)
a1
b1 = i
(g1
2
Bµδ
a
b −
g2
2
W τµ (σ
τ )ab
)
⊗ 14 ⊗ 13,
(ωµ)
1˙i
1˙j = i
(
−2g1
3
Bµδ
i
j −
g3
2
V mµ (λ
m)ij
)
⊗ 14 ⊗ 13,
(ωµ)
2˙i
2˙j = i
(g1
3
Bµδ
i
j −
g3
2
V mµ (λ
m)ij
)
⊗ 14 ⊗ 13,
(ωµ)
ai
bj = i
(
−g1
6
Bµδ
a
b δ
i
j −
g2
2
W τµ (σ
τ )ab δ
i
j −
g3
2
V mµ (λ
m)ij δ
a
b
)
⊗ 14 ⊗ 13. (A.19)
19
Therefore, the components of the curvature Ωµν are
(Ωµν)
1˙1
1˙1 = 0,
(Ωµν)
2˙1
2˙1 = ig1Bµν ⊗ 14 ⊗ 13,
(Ωµν)
a1
b1 = i
(g1
2
Bµνδ
a
b −
g2
2
W τµν (σ
τ )ab
)
⊗ 14 ⊗ 13,
(Ωµν)
1˙i
1˙j = i
(
−2g1
3
Bµνδ
i
j −
g3
2
V mµν (λ
m)ij
)
⊗ 14 ⊗ 13,
(Ωµν)
2˙i
2˙j = i
(g1
3
Bµνδ
i
j −
g3
2
V mµν (λ
m)ij
)
⊗ 14 ⊗ 13,
(Ωµν)
ai
bj = i
(
−g1
6
Bµνδ
a
b δ
i
j −
g2
2
W τµν (σ
τ )ab δ
i
j −
g3
2
V mµν (λ
m)ij δ
a
b
)
⊗ 14 ⊗ 13. (A.20)
The quantity E, which is defined through the operator D2, has diagonal and non-diagonal
components. The diagonal terms, i.e., E 1˙1
1˙1
, E 2˙1
2˙1
, Ea1b1 and E
1˙i
1˙j
, E 2˙i
2˙j
, Eaibj have the form E
diag =
−1
2
γµνΩµν − U ⊗ 14, where
U 1˙1
1˙1
=
(|yν |2HH + |yνR |2 σ2) ,
U 2˙1
2˙1
=
(|ye|2HH) , (A.21)
Ua1b1 =
(
|ye|2HaHb + |yν |2 bcadHcHd
)
,
U 1˙i
1˙j
=
(|yt|2HH) δij,
U 2˙i
2˙j
=
(|yd|2HH) δij,
Uaibj =
(
|yt|2HaHb + |yd|2 bcadHcHd
)
δij. (A.22)
and the non-diagonal components are
Ea1
1˙1
= −γµγ5 ⊗ y∗ν ⊗ ab∇µHb,
Ea1
2˙1
= −γµγ5 ⊗ y∗e ⊗∇µHa,
E 1˙1a1 = −γµγ5 ⊗ yν ⊗ ab∇µHb,
E 2˙1a1 = −γµγ5 ⊗ ye ⊗∇µHa,
Eaj
1˙i
= −γµγ5 ⊗ y∗t ⊗ ab∇µHbδji ,
Eaj
2˙i
= −γµγ5 ⊗ y∗d ⊗∇µHaδji ,
E 1˙jai = −γµγ5 ⊗ yt ⊗ ab∇µH
b
δji ,
E 2˙jai = −γµγ5 ⊗ yd ⊗∇µHaδji , (A.23)
and the non-diagonal primed components
Ea
′1′
1˙1
= −y∗νRy∗νR ⊗ abHbσ,
E 1˙1a′1′ = −yνRy∗ν ⊗ abHbσ,
E 1˙
′1′
a1 = −y∗νRyν ⊗ abH
b
σ,
Ea1
1˙′1′ = −yνRy∗νR ⊗ abHbσ,
E 1˙
′1′
1˙1
= −γµγ5 ⊗ y∗νR ⊗ ∂µσ,
E 1˙1
1˙′1′ = −γµγ5 ⊗ yνR ⊗ ∂µσ. (A.24)
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Taking just the contributions from a0, a2 and a4 to the expansion (A.11) one reproduces
quite well bosonic part of the Standard Model action, modulo the problem with the Higgs mass
and with the unification point that we have already mentioned above
S =
∫
d4x
[
− 2
pi2
f2Λ
2
(
1
2
aHH +
1
4
|yνR |2 σ2
)
+
1
2pi2
f4
(
5
3
g21B
2
µν + g
2
2W
2
µν + g
2
3V
2
µν + a(∇νH)2
)]
+
∫
d4x
1
2pi2
f4
[
b(HH)2 + 2 |yν |2 |yνR |2 (HH)σ2 +
1
2
|yνR |4 σ4 +
1
2
|yνR |2 (∂µσ)2
]
, (A.25)
where
a = |yν |2 + |ye|2 + 3(|yt|2 + |yd|2),
b = |yν |4 + |ye|4 + 3(|yt|2 + |yd|2)2. (A.26)
Higher order terms have been given considerably less attention. The papers [36,37] studied
the influence of higher order terms on renormalizablity of Yang-Mills spectral actions, while
the works [20,38,39] studied the spectral action beyond the asymptotic expansion (A.9).
The term ΣΩ contains contributions from the gauge fields only
ΣΩ = 8
[
1
9
g21B
2
µν;τ +
1
15
g22W
2
µν;τ +
1
15
g23V
2
µν;τ
]
+ 8
[
− 1
18
g21B
2
µν;ν −
1
30
g22W
2
µν;ν −
1
30
g23V
2
µν;ν
]
+ 8
[
1
10
g32ε
δηκW δµνW
η
ντW
κ
τµ +
1
10
g33f
mnrV mµνV
n
ντV
r
τµ
]
. (A.27)
where:
Fµν;τ = ∂τFµν + ig [Aτ , Fµν ] , (A.28)
is the usual covariant derivative for gauge fields.
Note the presence of dimension six operators X3 : g32ε
δηκW δµνW
η
ντW
κ
τµ and g
3
3f
mnrV mµνV
n
ντV
r
τµ.
Also note that the kinetic gauge terms, i.e, F 2µν;τ and F
2
µν;ν , are dimension six operators X
2D2.
(We remind that X is any field strength and by D we indicate the fact that there are two
derivatives). Since under the trace and integral
F 2µν;τ = 2F
2
νµ;ν − 4igFµνFντFτµ, (A.29)
these operators are not independent.
The term ΣEΩ contains the operators X
2H2:
ΣEΩ = 8
[
g21
144
(
15 |ye|2 + 3 |yν |2 + 17 |yt|2 + 5 |yd|2
)
BµνBµν
(
HH
)]
+ 8
[
g22
48
(
3 |yt|2 + 3 |yd|2 + |ye|2 + |yν |2
)
W ηµνW
η
µν
(
HH
)]
+ 8
[
g23
12
(|yt|2 + |yd|2)V mµνV mµν (HH)] . (A.30)
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For the term ΣE, let us write ΣE = Σ
0
E + Σ
kin
E + Σ
σ
E, where
Σ0E = −8
[
1
48
g21
(
15 |ye|2 + 3 |yν |2 + 5 |yd|2 + 17 |yt|2
)
HHBµνB
µν
]
−8
[
3
48
g22
(|ye|2 + |yν |2 + 3 |yt|2 + 3 |yd|2)HHW δµνW δµν]
−8
[
3
12
g23
(|yt|2 + |yd|2)HHV mµνV mµν]
−8
[
1
3
(|ye|6 + |yν |6 + 3 |yt|6 + 3 |yd|6) (HH)3]
−8
[
1
2
g32ε
δηλW δµνW
η
ντW
λ
τµ +
1
2
g33f
mnrV mµνV
r
ντV
r
τµ
]
−8
[
5
12
g21B
2
µν;τ +
3
12
g22W
2
µν;τ +
3
12
g23V
2
µν;τ
]
. (A.31)
is a contribution containing the operators: X2H2, X3, H6 and X2D2. The expression ΣkinE
contains higher order kinetic terms for the Higgs field, these are H4D2 and H2D4 operators:
ΣkinE = −8
[
1
2
((|yν |2 + |ye|2)2 + 6 |yt|4 + 6 |yd|4)HH |∇τHa|2]
−8
[
1
2
((|yν |2 − |ye|2)2 − 3 (|yt|2 − |yd|2)2) ∣∣Ha∇τHa∣∣2]
−8
[
1
12
((|ye|2 + |yν |2)2 + 3 (|yt|2 + |yd|2)2) ∣∣∂τ (HH)∣∣2]
−8
[
1
6
(|yν |2 + |ye|2 + 3 |yt|2 + 3 |yd|2) (∂τ∇µHa) (∂τ∇νHa)]
−8
[
1
12
((|ye|2 − |yν |2)2 + 3 (|yt|2 − |yd|2)2) ∣∣∣∂τ (HaHb)∣∣∣2] , (A.32)
and
ΣσE = −8
[
1
2
|yν |4 |yνR |2
(
HH
)2
σ2 +
1
2
|yν |2 |yνR |4
(
HH
)
σ4 + |yνR |6 σ6
]
−8
[
1
6
|yν |2 |yνR |2 ∂τ
(
H
a
σ
)
∂τ (Haσ) +
1
12
|yνR |2 (∂µ∂νσ)2
]
−8
[
1
2
|yνR |2 |yν |2 σ2 |∇τHa|2 +
1
2
|yν |2 |yνR |2 (σ∂τσ)∇τ
(
HH
)]
−8
[
1
2
|yν |2 |yνR |2
(
HH
)
(∂τσ)
2 +
1
2
|yνR |4 (σ∂τσ)2
]
−8
[
|yν |4 |yνR |2 σ2
(
HH
)2
+
1
2
|yνR |4 |yν |2HHσ4
]
−8
[
1
12
|yνR |4
(
∂τσ
2
)2
+
1
6
|yν |2 |yνR |2 ∂τ
(
HH
) (
∂τσ
2
)]
, (A.33)
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is the contribution of the σ singlet scalar field. As shown in (A.25), this field already appears
in the a4 coefficient. As has been explained in the main text, we do not consider this field in
the present work and, therefore, discard corresponding contributions to the action.
We consider that yt, yν and yνR are dominant and also define the variable ρ as the ratio of the
Dirac Yukawa couplings yν = ρyt. Under this approximation and replacing (A.27,A.30,A.31,A.32)
in (A.15) we have
aflat6 =
1
2pi2
∫
d4x (OX2H2 +OH6 +OX3 +OX2D2 +OKin) , (A.34)
where
OX2H2 = −g
2
1
72
(
3ρ2 + 17
) |yt|2BµνBµν (HH)− g22
24
(
3 + ρ2
) |yt|2W ηµνW ηµν (HH)
−g
2
3
6
|yt|2 V mµνV mµν
(
HH
)
. (A.35)
OH6 = −1
3
(
ρ6 + 3
) |yt|6 (HH)3 , (A.36)
OX3 = −2
5
g32ε
δηλW δµνW
η
ντW
λ
τµ −
2
5
g33f
mnrV mµνV
r
ντV
r
τµ. (A.37)
are independent operators. OX2D2 is given by
OX2D2 = −11
36
g21B
2
µν;τ −
11
60
g22W
2
µν;τ −
11
60
g23V
2
µν;τ
+
1
18
g21B
2
νµ;ν +
1
30
g22W
2
νµ;ν +
1
30
g23V
2
νµ;ν , (A.38)
and, as we have mentioned, they are dependent operators. The term OKin contains the H2D4,
H4D2 operators.
As stated in [21], there are eight possible classes of dimension six operators: XD4, XH2D2,
X3, H3, H2X2, H4D2, H2D4 and X2D2. The first two classes XD4, XH2D2 do not appear
in the Spectral Action, since the unimodular condition excludes the terms proportional to
Fµν . This condition also excludes any mixing between the gauge fields. The set of X
3, H3,
H2X2, H4D2 operators are independents. The class of H2D4 operators can be “reduced” to the
independent H4D2. The operator X2D2 can be rewritten as a combination of X3 and H4D2
operators. This can be done with the use of (A.29): we write F 2µν;τ in terms of FµνFντFτµ and
F 2µν;µ, then we use the equation of motion for the gauge fields to obtain kinetic terms H
4D2.
The operators X3 and X2H2 affect the gauge coupling constants and the triple unification
point. On the other hand, the operators H6 and Okin modify the Higgs mass. However, while
H6 produce a shift of order CHv
2/λ (see eq. (3.7)), the operators Okin produce a shift of order
Ckinv
2 (see [31]) which will be negligible if CH and Ckin are of the same order. Therefore, as a
first approximation we will only focus on the RG contribution of the operators X3, X2H2 and
H6
aflat6 =
1
2pi2
∫
d4x (OX2H2 +OH6 +O′X3) , (A.39)
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where
O′X3 = −
13
60
g32ε
δηλW δµνW
η
ντW
λ
τµ −
13
60
g33f
mnrV mµνV
r
ντV
r
τµ. (A.40)
Finally, in order to normalize the kinetic term 1
2
a |∇µHa|2 in (A.25), we perform a rescaling
H → H =
√
2
3 + ρ2
g
H
yt
, (A.41)
where g is the gauge coupling to the unification scale. In the end, we have
f6
Λ2
aflat6 =
1
16pi2
∫
d4x
(
CHBB
2
µνHH + CHWW
2
µνHH + CHV V
2
µνHH
)
+
1
16pi2
∫
d4x
(
CH(HH)
3 + CW ε
δηλW δµνW
η
ντW
λ
τµ + CV f
mnrV mµνV
r
ντV
r
τµ
)
(A.42)
where
CHB(Λ) = − f6
16pi2Λ2
4 (3ρ2 + 17)
9 (ρ2 + 3)
g4 , CHW (Λ) = − f6
16pi2Λ2
4
3
g4 , CHV (Λ) = − f6
16pi2Λ2
16
3 (ρ2 + 3)
g4 ,
CH(Λ) = − f6
16pi2Λ2
512(ρ6 + 3)
3 (ρ2 + 3)3
g6 , CW (Λ) = − f6
16pi2Λ2
26
15
g3 , CV (Λ) = − f6
16pi2Λ2
26
15
g3
(A.43)
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